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SPECTRAL BOUNDS ON ORBIFOLD ISOTROPY
ELIZABETH STANHOPE
Introduction
An underlying theme in differential geometry is to uncover information about
the topology of a Riemannian manifold using its geometric structure. The present
investigation carries this theme to the category of Riemannian orbifolds. In partic-
ular we ask: If a collection of isospectral orbifolds satisfies a uniform lower bound
on Ricci curvature, do orbifolds in the collection have similar topological features?
Can we say more if we require the collection to satisfy a uniform lower sectional
curvature bound? We will assume throughout that all orbifolds are connected and
closed.
Our inquiry begins with a review of the fundamentals of doing geometry on
orbifolds in Sections 1 through 3. Riemannian orbifolds, first defined by Satake in
[Sat56], are spaces that are locally modelled on quotients of Riemannian manifolds
by finite groups of isometries. These sections examine topics including the behavior
of geodesics on orbifolds, and integration on orbifolds.
In Section 4 we see how the geometry of orbifolds with lower curvature bounds
can be studied by comparing them to manifolds with constant curvature. This
section builds on the work in [Bor93].
The eigenvalue spectrum of the Laplace operator on an orbifold is introduced in
Section 5. We confirm that several familiar spectral theory tools from the manifold
setting carry over to orbifolds. An orbifold version of Weil’s asymptotic formula
from [Far01] is stated, showing that the dimension and volume of an orbifold can
be deduced from its spectrum.
The last two sections develop the proofs of two affirmative answers to our main
questions. In both statements below we assume the orbifolds under consideration
are compact and orientable.
Main Theorem 1: Let S be a collection of isospectral Riemannian orbifolds that
share a uniform lower bound κ(n−1) on Ricci curvature, where κ ∈ R. Then there
are only finitely many possible isotropy types, up to isomorphism, for points in an
orbifold in S.
Main Theorem 2: Let isolS be a collection of isospectral Riemannian orbifolds
with only isolated singularities, that share a uniform lower bound κ ∈ R on sectional
curvature. Then there is an upper bound on the number of singular points in any
orbifold, O, in isolS depending only on Spec(O) and κ.
Note that there exist examples of constant curvature one isospectral orbifolds which
possess distinct isotropy. Thus Main Theorem 1 cannot be improved to uniqueness.
Keywords: Spectral theory Global Riemannian geometry.
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The proofs of these results break down into two steps. The first step is to convert
spectral information into explicit bounds on geometry. As mentioned above, the
dimension and the volume of an orbifold are determined by its spectrum. In Section
6 we obtain an upper bound on the diameter of an orbifold which depends only
on the orbifold’s spectrum, and the presence of a lower bound on Ricci curvature.
The technique used to derive this diameter bound parallels a similar one from the
manifold setting given in [BPP92]. The main ingredient used is an orbifold version
of Cheng’s Theorem.
The second step in proving these theorems is to examine families of n-orbifolds
that satisfy an upper diameter bound, and lower bounds on curvature and volume.
By the work in the first step, results that hold for these families also hold for families
of isospectral orbifolds having a uniform lower bound on curvature. The first main
theorem is shown using volume comparison techniques. The second main theorem
relies both on tools from comparison geometry, and on a careful analysis of the
orbifold distance function, generalizing results of Grove and Petersen [GP88] to the
orbifold setting. This analysis is the focus of Section 7.
Acknowledgements. The author would like to thank her thesis advisor, Carolyn
S. Gordon, for her guidance and patience during the course of this work.
1. Smooth Orbifolds
An orbifold is a generalized manifold arrived at by loosening the requirement
that the space be locally modelled on Rn, and instead requiring it to be locally
modelled on Rn modulo the action of a finite group. This natural generalization
allows orbifolds to possess ‘well-behaved’ singular points. In this section we make
these ideas precise and set up some basic tools that will be used throughout this
text.
We first recall the definition of smooth orbifolds given by Satake in [Sat56] and
[Sat57]. In order to state the definition we need to specify what is meant by a chart
on an orbifold, and what it means to have an injection between charts.
Definition 1.1. Let X be a Hausdorff space and U be an open set in X. An
orbifold coordinate chart over U , also known as a uniformizing system of U , is a
triple (U, U˜/Γ, π) such that:
(1) U˜ is a connected open subset of Rn,
(2) Γ is a finite group of diffeomorphisms acting on U˜ with fixed point set of
codimension ≥ 2, and
(3) π : U˜ → U is a continuous map which induces a homeomorphism between
U˜/Γ and U , for which π ◦ γ = π for all γ ∈ Γ.
Now suppose X is a Hausdorff space containing open subsets U and U ′ such that
U is contained in U ′. Let (U, U˜/Γ, π) and (U ′, U˜ ′/Γ′, π′) be charts over U and U ′,
respectively.
Definition 1.2. An injection λ : (U, U˜/Γ, π) →֒ (U ′, U˜ ′/Γ′, π′) consists of an open
embedding λ : U˜ →֒ U˜ ′ such that π = π′ ◦ λ, and for any γ ∈ Γ there exists γ′ ∈ Γ′
for which λ ◦ γ = γ′ ◦ λ.
Note that the correspondence γ 7→ γ′ given above defines an injective homomor-
phism of groups from Γ into Γ′.
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Definition 1.3. A smooth orbifold (X,A) consists of a Hausdorff space X together
with an atlas of charts A satisfying the following conditions:
(1) For any pair of charts (U, U˜/Γ, π) and (U ′, U˜ ′/Γ′, π′) in A with U ⊂ U ′
there exists an injection λ : (U, U˜/Γ, π) →֒ (U ′, U˜ ′/Γ′, π′).
(2) The open sets U ⊂ X for which there exists a chart (U, U˜/Γ, π) in A form
a basis of open sets in X.
Given an orbifold (X,A), the space X is referred to as the underlying space of
the orbifold. Henceforth specific reference to an orbifold’s underlying space and
atlas of charts will be dropped and an orbifold (X,A) will be denoted simply by O.
Take a point p in an orbifold O and let (U, U˜/Γ, π) be a coordinate chart about
p. Let p˜ be a point in U˜ such that π(p˜) = p and let ΓUp˜ denote the isotropy group of
p˜ under the action of Γ. It can be shown that the group ΓUp˜ is actually independent
of both the choice of lift and the choice of chart (see [Bor93]), and so can sensibly
be denoted by Γp. We call Γp the isotropy group of p. Points in O that have a
non-trivial isotropy group are called singular points. We will let ΣO denote the set
of all singular points in O.
Before describing more properties of orbifolds, we state a proposition which gives
an important class of orbifolds. A proof can be found in [Thu78].
Proposition 1.4. Suppose a group Γ acts properly discontinuously on a manifold
M with fixed point set of codimension greater than or equal to two. Then the
quotient space M/Γ is an orbifold.
An orbifold is called good (global is also used) if it arises as the quotient of a
manifold by a properly discontinuous group action. Otherwise the orbifold is called
bad.
Suppose O = M/Γ is a good orbifold. We can extend the action of Γ on M to
an action on TM by setting γ.(p˜, v) = (γ(p˜), γ∗p˜v) for all γ ∈ Γ and (p˜, v) ∈ TM .
The quotient of TM by this new action is the tangent bundle, TO, of the orbifold
O. For p˜ ∈ M let p ∈ O be the image of p˜ under the quotient. By taking the
differentials at p˜ of elements of the isotropy group of p, we form a new group that
acts on Tp˜M . Because this group is independent of choice of lift, we can denote
it by Γp∗. The fiber in TO over p is Tp˜M/Γp∗, and is denoted TpO. Because TpO
need not be a vector space, it is called the tangent cone to O at p.
Locally all orbifolds are good, so the construction above gives a local way to work
with tangent cones to orbifolds. A full construction of orbifold tangent bundles, as
well as general bundles over orbifolds, is given in [Sat57].
2. Riemannian Metrics on Orbifolds
After giving the definition of smooth functions on orbifolds, we move on to more
general tensor fields including the Riemannian metric. In this section, and all that
follow, we will assume that each orbifold has a second countable underlying space.
In addition to [Sat56] and [Sat57], useful references for this material include [Bor93]
and [Chi93].
Definition 2.1. A map f : O → R is a smooth function on O if on each chart
(U, U˜/Γ, π) the lifted function f˜ = f ◦ π is a smooth function on U˜ .
Definition 2.2. Let (U, U˜/Γ, π) be an orbifold coordinate chart.
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(1) For any tensor field ω˜ on U˜ precomposing by γ ∈ Γ gives a new tensor field
on U˜ , denoted ω˜γ. By averaging in this manner we obtain a Γ-invariant
tensor field, denoted ω˜Γ, on U˜ :
ω˜Γ =
1
|Γ|
∑
γ∈Γ
ω˜γ .
Such a Γ-invariant tensor field on U˜ gives a tensor field ω on U .
(2) A smooth tensor field on an orbifold is one that lifts to smooth tensor fields
of the same type in all local covers.
A Riemannian metric is obtained on a good orbifold, O = M/Γ, by specifying a
Riemannian metric on M that is invariant under the action of Γ. This also gives
a local notion of Riemannian metric which leads to the definition of a Riemannian
metric for general orbifolds. Let O be a general orbifold and (U, U˜/Γ, π) be one
of its coordinate charts. Specify a Riemannian metric gU˜ on U˜ . By averaging as
above we can assume that this metric is invariant under the local group action,
and so gives a Riemannian metric gU on U . Now do this for each chart of O. By
patching the local metrics together using a partition of unity, we obtain a global
Riemannian metric g on O. A smooth orbifold together with a Riemannian metric
is called a Riemannian orbifold.
In the construction above, the Riemannian metric gU˜ on U˜ is invariant under
the action of Γ. Another way to say this is that locally Riemannian orbifolds look
like the quotient of a Riemannian manifold by a finite group of isometries. By a
suitable choice of coordinate charts (see [Chi93], p. 318) it can be assumed that
the local group actions are by finite subgroups of O(n) for general Riemannian
orbifolds, and finite subgroups of SO(n) for orientable Riemannian orbifolds.
Objects familiar from the Riemannian geometry of manifolds are defined for
orbifolds by using the Riemannian metrics on the local covers. For example, we
say that a Riemannian orbifold O has sectional curvature bounded below by k if
every point is locally covered by a manifold with sectional curvature greater than
or equal to k. Ricci curvature bounds are defined similarly. We define angles in the
following manner.
Definition 2.3. Let p be a point in a Riemannian orbifold that lies in a coordinate
chart (U, U˜/Γ, π). Take p˜ to be a lift of p in U˜ . For vectors v and w in TpO let
v˜1, v˜2, . . . , v˜r denote the set of lifts of v, and w˜1, w˜2, . . . , w˜s denote the set of lifts
of w, in Tp˜U˜ . The angle between v and w in TpO is defined to be,
∠(v, w) = min
i=1,2...,r
j=1,2...,s
{∠(v˜i, w˜j)}.
If O = M/Γ is a good Riemannian orbifold, the quotient of the unit tangent
bundle of M by Γ yields the unit tangent bundle of the orbifold, SO. The unit
tangent cone to O at p, denoted SpO, is the fiber over p in this bundle. Alternatively
the unit tangent cone is the set of all unit vectors in TpO.
A particularly useful type of chart about a point p in a Riemannian orbifold is
one for which the group action is by the isotropy group of p. This type of chart
is called a fundamental coordinate chart about p. Every point in a Riemannian
orbifold lies in a fundamental coordinate chart (see [Bor93], p. 40).
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3. Geodesics and Segment Domains for Orbifolds
We now examine the structure of geodesics in orbifolds. In this discussion, length
minimizing geodesics will be referred to as segments.
Let p be a point in a Riemannian orbifold O, and let (U, U˜/Γ, π) be a coordinate
chart about p. For every v ∈ SpO there is a segment γv that emanates from p in
the direction of v. To see this, take p˜ to be a lift of p in U˜ , and v˜ to be a lift of v in
Sp˜U˜ . For small t we have the segment expp˜ tv˜ emanating from p˜ in U˜ . The image
of this segment under π is a segment in O that leaves p in the direction of v. Thus
within a coordinate chart about p we can define the exponential map, expp tv, by
projecting expp˜ tv˜ to U . Note that this definition is well-defined as it is independent
of choice of lift.
To obtain the exponential map globally on an orbifold we extend these locally
defined geodesics as far as possible. More precisely, for v ∈ SpO let γv(t) denote
the geodesic emanating from p in the direction v. Then for all t0 ∈ [0,+∞) where
γv(t0) is defined, set expp t0v = γv(t0).
In Proposition 15 of [Bor93] it is shown that if a segment is not entirely contained
within the singular set, it can only intersect the singular set at its end points. So
a segment that contains any manifold points must stop when it hits the singular
set. Consequentially if an orbifold is to be geodesically complete, no obstruction by
singular points can occur. Thus the singular set of a geodesically complete orbifold
must be empty, implying the orbifold is actually a manifold. In what follows the
word complete will be used to describe orbifolds that, together with their distance
functions, are complete as metric spaces. An analogue of the Hopf-Rinow Theorem
for length spaces (see [Gro99], p. 9) implies that if an orbifold is complete, then
any two points in the orbifold can be joined by a segment.
Suppose O is a complete orbifold and consider the manifold obtained by excising
its singular set, O − ΣO. The preceding observations imply that any two points
in O − ΣO are connected by a segment that lies entirely within O − ΣO. Thus we
see that O − ΣO is a convex manifold. This fact will be used extensively in what
follows.
We will now consider the segment domain of an orbifold.
Definition 3.1. The segment domain of a point p in an orbifold O is denoted by
seg(p) and is defined as follows:
seg(p) = {v ∈ TpO : expp tv : [0, 1]→ O is a segment}.
The interior of the segment domain of p, seg0(p), is defined by:
seg0(p) = {vt : t ∈ [0, 1), v ∈ seg(p)}.
For p ∈ O, the image of the boundary of seg(p) under the exponential map at
p is called the cut locus of p in O. The cut locus of p is denoted by cut(p). This
set consists of the points in O beyond which geodesics from p first fail to minimize
distance.
The use of the segment domain in what follows relies on the following lemma.
Its proof is analogous to that of the manifold case.
Lemma 3.2. Let O be a complete Riemannian orbifold and take p ∈ O−ΣO. Then
expp : seg
0(p)→ O is a diffeomorphism onto its image.
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We end this section by defining integration on orbifolds and by describing a
useful integration technique. Suppose that O is a compact orientable Riemannian
orbifold. Let ω be an n-form on O such that the support of ω is contained in the
chart (U, U˜/Γ, π). We define the integral of ω over O as follows,∫
O
ω =
1
|Γ|
∫
U˜
ω˜,
where ω˜ = ω◦π. By using the injections provided by the orbifold structure, one can
check that this definition does not depend on the choice of coordinate chart. The
integral of a general n-form is defined using a partition of unity, as in the manifold
case.
Sometimes it will be more convenient to compute integrals using the following
technique. Let p ∈ O − ΣO. Then p has a manifold neighborhood in O upon
which we can consider the usual manifold polar coordinates. The volume density
in these polar coordinates is
√
det(gαβ(r, θ)), which will be denoted by ρ(r, θ) for
convenience.
Proposition 3.3. Let O be a complete Riemannian orbifold, with p ∈ O−ΣO and
suppose f ∈ C∞(O). Then,∫
O
f dV =
∫
seg0(p)
(f ◦ expp)ρ(r, θ) drdθ.
4. Comparison Geometry Background
The geometry of hyperbolic space, Euclidean space and the sphere is very well
developed, in contrast to that of manifolds with variable curvature. The idea behind
comparison geometry is to study spaces with variable curvature by comparing them
to the simply connected spaces with constant sectional curvature.
In this section we confirm that several familiar comparison results are valid in the
orbifold setting. The following notation will be helpful. We will use Mnκ to denote
the simply connected n-dimensional space form of constant curvature κ. The open
r-ball in Mnκ will be denoted by B
n
κ (r). As in Section 3, the volume density of
a manifold will be written in polar coordinates as ρ(r, θ). We denote the volume
density on Mnκ by (snκ(r))
(n−1), where snκ(r) is given by:
snκ(r) =

sin
√
κr√
κ
κ > 0
r κ = 0
sinh
√−κr√−κ κ < 0.
The Relative Volume Comparison Theorem is generalized to orbifolds in [Bor93].
Proposition 4.1. (Orbifold Relative Volume Comparison Theorem) Let O be a
complete Riemannian orbifold with Ric(M) ≥ (n − 1)κ. Take p ∈ O. Then the
function,
r 7→ VolB(p, r)
VolBnκ (r)
is non-increasing and has limit equal to 1|Γp| as r goes to zero.
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Note that this theorem implies a volume comparison theorem for balls in orbifolds.
To see this observe that if 0 ≤ r ≤ R then by the theorem above,
VolB(p, r)
VolBnκ (r)
≥ VolB(p,R)
VolBnκ (R)
.
Taking the limit of this inequality as r goes to zero shows that the volume of an
R-ball in O is less than or equal to the volume of an R-ball in Mnκ .
We next specify what is meant by a cone in an orbifold.
Definition 4.2. Let p ∈ O and a ⊂ SpO, the tangent sphere to O at p. The a-cone
at p of radius r is defined to be,
Ba(p, r) = {expp tv : (t, v) ∈ Domain(expp), t < r, v ∈ a} ⊂ O.
The associated cone in TpO is defined as follows,
Ba(0, r) = {tv : (t, v) ∈ Domain(expp), t < r, v ∈ a} ⊂ TpO.
We illustrate this definition in the case of surfaces. In Figure 1 a subset of the
unit tangent circle at a point p in a surface M is specified. The associated cones
of radius r in the tangent space and in the surface are illustrated in Figure 2.
In Chapter 9 of [Pet98] a volume comparison theorem for cones in manifolds
is considered. We will need a version of this theorem that is valid for orbifolds.
Figure 1. Subset of Unit Tangent Circle
Figure 2. Illustration of Cones
8 E. STANHOPE
In order to state this theorem, we will use the following notation. We suppose p
is a point in an orbifold O with fundamental coordinate chart (U, U˜/Γ, π). For
A ⊂ TpO, the set {v˜ ∈ Tp˜U˜ : π∗p˜v˜ ∈ A} is denoted by A˜.
Proposition 4.3. (Volume comparison theorem for cones in orbifolds.) Let O be
a complete Riemannian orbifold with Ric(O) ≥ (n− 1)κ, and take p ∈ O. If κ > 0
suppose r ≤ π/√κ, otherwise let r be any non-negative real. Suppose a is an open
subset of SpO with boundary of measure zero, and p ∈ Mnκ . Let I be an isometry
from Sp˜U˜ to SpM
n
κ , relative to the canonical metric on the unit sphere. Then,
VolBa(p, r) ≤ 1|Γp| VolB
I(a˜)(p, r).
Proof. First suppose that p is a manifold point in O. Using the fact that O − ΣO
is a convex manifold, and that p has trivial isotropy, we conclude:
VolBa(p, r) ≤ VolBI(a)(p, r) = 1|Γp| VolB
I(a˜)(p, r).
Now suppose p is a singular point in O. Let (U, U˜/Γ, π) be a fundamental
coordinate chart about p. Suppose p˜ ∈ U˜ projects to p, and lift a to a˜ ⊂ Sp˜U˜ .
Choose a vector v ∈ a that points out of the singular set. Fix a lift v˜ of v in
a˜. Recall that the Dirichlet fundamental domain centered at v˜ of the action of Γ∗p˜
on Sp˜U˜ is the set {u ∈ Sp˜U˜ : d(u, v˜) ≤ d(u, γ∗p˜ v˜) for all γ∗p˜ ∈ Γ∗p˜}. Let b˜ denote
the intersection of this Dirichlet fundamental domain with a˜. Let γv˜ : [0, ε) → U˜
be a portion of the geodesic emanating from p˜ in the direction v˜. Let γv be the
image of γv˜ under π. Shrink ε as needed to ensure that γv([0, t]) is minimizing for
all t ∈ [0, ε) and that ε < r.
The parallel transport map P0,t : Tp˜U˜ → Tγv˜(t)U˜ is a vector space isometry. Let
b˜(t) be the subset P0,t(b˜) ⊂ Sγv˜(t)U˜ . Note here that b˜(0) = P0,0(b˜) = b˜. This
process smoothly spreads b˜ along the spheres tangent to points on the geodesic
γv˜(t).
Using this, for t ∈ (0, ε) we can specify a subset b(t) of Sγv(t)O by b(t) =
π∗γv˜(t)(b˜(t)).
For A ⊂ O let χA denote the characteristic function of A given by:
χA(x) =
{
1 x ∈ A
0 x ∈ O −A .
We will show that as t goes to zero in [0, ε), the functions χBb(t)(γv(t),r−t) → χBa(p,r)
pointwise a.e. To do this we need to check that points in the cone Ba(p, r) also lie
in nearby cones Bb(t)(γv(t), r − t), and points outside of Ba(p, r) also lie outside
nearby cones Bb(t)(γv(t), r− t). Because the property of being in a particular cone
depends on distance and angle, we check each of these in the two cases.
Fix x in the r-ball about p. Then, for this x, we can find a δ1 > 0 sufficiently
small so that x will be in the balls B(γv(t), r − t) for all t ∈ [0, δ1).
Now consider the directions from points on γv to x. Let σt denote the geodesic
from γv(t) to x. The fact that x lies in B
a(p, r) implies that σ′0(0) ∈ a. Noting
that a = b is an open subset of SpO, we can assume there is a small neighborhood
c about σ′0(0) in b. By lifting and translating as above we have c(t) ⊂ b(t) for
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t ∈ (0, ε). By continuity, σ′t(0) will remain in c(t) for t small, say for t ∈ [0, δ2).
Thus σ′t(0) will remain in b(t) for t ∈ [0, δ2).
Set δ = min{δ1, δ2}. The previous two paragraphs imply that x lies in the cones
Bb(t)(γv(t), r − t) for t ∈ [0, δ).
Now suppose that x lies outside of the cone Ba(p, r). This means that either
the distance between p and x is larger than r, or the direction from p to x lies
outside of a. We need to confirm that in either of these cases, x also lies outside of
cones Bb(t)(γv(t), r−t) for small t. Because the balls B(γv(t), r−t) are contained in
B(p, r), it is clear that points lying outside of B(p, r) are also outside of B(γv(t), r−
t) for t ∈ [0, ε).
Suppose that x fails to be in Ba(p, r) because the direction from p to x is not
in a. As before let σt denote the geodesic from γv(t) to x. That the direction from
p to x lies outside of a is written more precisely as σ′0(0) ∈ SpO − a. Disregarding
points on the boundary of Ba(p, r), we can assume the slightly stronger statement
that σ′0(0) ∈ SpO − a. Take a small neighborhood c about σ′0(0) in SpO − a. By
continuity there is an η > 0 such that σ′t(0) lies outside of b(t) for all t ∈ [0, η).
Thus x lies outside of the cones Bb(t)(γv(t), r − t) for t ∈ [0, η) as desired.
We are now able to apply the Lebesgue Dominated Convergence Theorem to
obtain,
VolBb(t)(γv(t), r−t) =
∫
O−ΣO
χBb(t)(γv(t),r−t)dV
t→0−→
∫
O−ΣO
χBa(p,r)dV = VolB
a(p, r).
For t ∈ (0, ε), each γv(t) is a manifold point in O. Because the proposition holds
for manifold points, we conclude that if t ∈ (0, ε) then,
VolBb(t)(γv(t), r) ≤ VolBI(b(t))(p, r).
Now on (0, ε) we have b(t) isometric to b˜(t) via π∗γv˜(t), and b˜(t) is isometric to b˜
via P0,t. Thus,
VolBb(t)(γv(t), r) ≤ VolBI(b˜)(p, r).
Taking the limit as t→ 0 in this inequality yields,
VolBa(p, r) ≤ VolBI(b˜)(p, r).
Finally because the translates of b˜ cover a˜ and overlap on a set of measure zero, we
have,
VolBI(b˜)(p, r) =
1
|Γp| VolB
I(a˜)(p, r).

We end this section with a version of Toponogov’s Theorem for orbifolds. In
[Bor93] it is shown that orbifolds with sectional curvature bounded below by κ ∈
R have Toponogov curvature greater than or equal to κ in the sense of length
spaces. In particular, an orbifold with a lower bound κ on sectional curvature is an
Alexandrov space with curvature bounded below by κ.
The following proposition is proven in [Shi93].
Proposition 4.4. Let X be an Alexandrov space with curvature bounded below
by κ. Let α : [0, a] → X and β : [0, b] → X be geodesics with α(0) = β(0) =
p (see Figure 3). Let α and β be geodesics from point p in Mnκ with the same
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Figure 3. Hinges in Toponogov’s Theorem
lengths as α and β, respectively, and with ∠(α′(0), β′(0)) = ∠(α′(0), β
′
(0)). Then
d(α(a), β(b)) ≤ d(α(a), β(b)).
We conclude that the hinge version of Toponogov’s Theorem is valid for orbifolds.
5. Spectral Geometry Background
To prove our two main theorems we will need to be able to convert spectral
hypotheses into explicit bounds on geometry. This section provides background
on the spectrum of the Laplacian for orbifolds, and establishes facts that will be
needed to obtain a diameter bound in Section 6. Useful references for the material
in this Section are [Cha84] and [Be´r86].
In this section orbifolds are assumed to be compact and orientable. The inner
product on L2(O) will be indicated with parentheses, (·, ·). For vector fields X and
Y on an orbifoldO, we will use (X,Y ) to denote the inner product
∫
O
< X, Y > dV .
Let O be a Riemannian orbifold and let f be a smooth function on O. The
Laplacian ∆f of f is given by the Laplacian of lifts of f in the orbifold’s local
coverings. More precisely, lift f to f˜ = f ◦ π via a coordinate chart (U, U˜/Γ, π).
Let gij denote the Γ-invariant metric on U˜ and ρ =
√
det(gij) as in Section 3. On
this local cover ∆f˜ is given in the usual way,
∆f˜ =
1
ρ
n∑
i,j=1
∂
∂x˜i
(gij
∂f
∂x˜j
ρ).
The study of the spectrum of the Laplacian begins with the problem of finding
all of the Laplacian’s eigenvalues as it acts on C∞(O). That is, we seek all numbers
λ, with multiplicities, that solve ∆f = λf for some nontrivial f ∈ C∞(O).
The following theorem is proven in [Chi93].
Theorem 5.1. Let O be a Riemannian orbifold.
(1) The set of eigenvalues λ in ∆f = λf consists of an infinite sequence 0 ≤
λ1 < λ2 < λ3 < . . . ↑ ∞.
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(2) Each eigenvalue λi has finite multiplicity. (Eigenvalues will henceforth be
listed as 0 ≤ λ1 ≤ λ2 ≤ λ3 . . . ↑ ∞ with each eigenvalue repeated according
to its multiplicity.)
(3) There exists an orthonormal basis of L2(O) composed of smooth eigenfunc-
tions ϕ1, ϕ2, ϕ3 . . . where ∆ϕi = λiϕi.
The sequence 0 ≤ λ1 ≤ λ2 ≤ λ3 . . . ↑ ∞ in Theorem 5.1(2) is called the spectrum
of the Laplacian on O. It will be denoted by Spec(O).
The first Sobolev space of a Riemannian orbifold O is obtained by completing
C∞(O) with respect to the norm associated to the following inner product,
(f, h)1 = (f, h) + (∇f,∇h).
We’ll denote the first Sobolev space by H(O), and the associated norm by || · ||1.
Note that,
C∞(O) ⊂ H(O) ⊂ L2(O).
Non-smooth elements u of H(O) possess first derivatives in the distributional sense.
In analogy with the gradient of a smooth function, these weak derivatives will be
denoted by ∇u. See [Far01] for information about general orbifold Sobolev spaces.
A useful tool in spectral geometry is the Rayleigh quotient. It is defined as
follows.
Definition 5.2. For h ∈ H(O) with ∫
O
h2dV 6= 0 the Rayleigh quotient of h is
defined by,
R(h) =
∫
O < ∇h,∇h > dV∫
O
h2dV
.
The proof of Rayleigh’s Theorem for the closed eigenvalue problem extends from
the manifold category to the orbifold category without difficulty.
Lemma 5.3. (Rayleigh’s Theorem for Orbifolds) Let O be a Riemannian orbifold
with eigenvalue spectrum 0 ≤ λ1 ≤ λ2 ≤ λ3 . . . ↑ ∞.
(1) Then for any h ∈ H(O), with h 6= 0, we have R(h) ≥ λ1 with equality if
and only if h is an eigenfunction of λ1.
(2) Suppose {ϕ1, ϕ2, . . . } is a complete orthonormal basis of L2(O) with ϕi
an eigenfunction of λi, i = 1, 2, 3, . . . . If h ∈ H(O) with h 6= 0 satisfies
(h, ϕ1) = (h, ϕ2) = · · · = (h, ϕk−1) = 0, then R(h) ≥ λk with equality if
and only if h is an eigenfunction of λk.
In [Far01] it is shown that Weil’s asymptotic formula extends to the orbifold
category as well.
Theorem 5.4. (Weil’s asymptotic formula) Let O be a Riemannian orbifold with
eigenvalue spectrum 0 ≤ λ1 ≤ λ2 ≤ λ3 . . . ↑ ∞. Then for the function N(λ) =∑
λj≤λ 1 we have
N(λ) ∼ (VolBn0 (1))(VolO)
λn/2
(2π)n
as λ ↑ +∞. Here Bn0 (1) denotes the n-dimensional unit ball in Euclidean space.
Thus, as with the manifold case, the Laplace spectrum determines an orbifold’s
dimension and volume.
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6. Obtaining the Diameter Bound
By applying volume comparison tools in the spectral setting, we derive an upper
diameter bound for an orbifold that relies on spectral information and the presence
of a lower Ricci curvature bound. With the diameter bound established, an ap-
plication of the Orbifold Relative Volume Comparison Theorem (Proposition 4.1)
proves the first main theorem.
As in the preceding section, we assume that all orbifolds are compact and ori-
entable. Also, we will let R(·) denote the Rayleigh quotient from Section 5, Defini-
tion 5.2.
For any open set U in O, let H0(U) denote the completion of C∞0 (U) in H(U).
Definition 6.1. Let U be an arbitrary open set in a Riemannian orbifold O. The
fundamental tone of U , denoted λ∗(U) is defined by,
λ∗(U) = inf{R(f) : f ∈ H0(U), f 6= 0}.
The following fact about the fundamental tone will be used in the proof of the
orbifold version of Cheng’s Theorem. Its proof is identical to that of the manifold
version.
Lemma 6.2. Let {Uα}α∈I be a set of domains in a Riemannian orbifold O. Set
U =
⋃
α Uα. Then λ
∗(U) ≤ infα λ∗(Uα).
In what follows let Mnκ denote the n-dimensional simply connected space form
of constant curvature κ. Let Bnκ (r) denote the ball of radius r in M
n
κ , and let λ
n
κ(r)
denote the lowest Dirichlet eigenvalue of Bnκ (r).
Proposition 6.3. (Cheng’s Theorem for orbifolds.) Let O be an n-dimensional
Riemannian orbifold with Ricci curvature bounded below by κ(n− 1), κ real. Then
for any r > 0 and p ∈ O we have,
λ∗(B(p, r)) ≤ λnκ(r).
Proof. If p is a manifold point in O, the manifold proof of Cheng’s Theorem carries
over to orbifolds (see [Cha84]).
Now suppose p is an arbitrary point in O, and take {pi} ⊂ (O − ΣO) such that
{pi} → p. Consider the infinite collection of balls {B(pi, r − d(pi, p)}∞i=1. Note in
particular that
⋃∞
i=1B(pi, r − d(p, pi)) is equal to B(p, r). By Lemma 6.2 we have
λ∗(B(p, r)) ≤ inf
i
λ∗(B(pi, r − d(pi, p))).
Since the pi’s are manifold points we can invoke the previous case to obtain,
(1) λ∗(B(p, r)) ≤ inf
i
λ∗(B(pi, r − d(pi, p))) ≤ inf
i
λnκ(r − d(pi, p)).
Finally by domain monotonicity of eigenvalues we have,
(2) inf
i
λnκ(r − d(pi, p)) = λnκ(r).
Combining lines 1 and 2 concludes the argument. 
We now adapt a method introduced in [BPP92] to the orbifold setting. This
method uses spectral data about an orbifold, together with a lower Ricci curvature
bound, to obtain an upper bound on the diameter of the orbifold. Recall that λnκ(r)
denotes the lowest Dirichlet eigenvalue of Bnκ (r).
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Proposition 6.4. Let O be a compact Riemannian orbifold with Ricci curvature
bounded below by κ(n− 1), κ real. Fix arbitrary constant r greater than zero. Then
the number of disjoint balls of radius r that can be placed in O is bounded above by
a number that depends only on κ and the number of eigenvalues of O less than or
equal to λnκ(r).
In particular the diameter of O is bounded above by a number that depends only
on Spec(O), κ and r.
Proof. As before, write the eigenvalue spectrum of O as λ1 ≤ λ2 ≤ λ3 ≤ . . . ↑ ∞.
Choose ε > 0 so that no eigenvalues of O lie between λnκ(r) and λ
n
κ(r) + ε. Take a
collection of N(r) pairwise disjoint metric r-balls B(p1, r), B(p2, r), . . . , B(pN(r), r)
in O. By Cheng’s Theorem (Proposition 6.3) we have for each i a function f i ∈
H0(B(pi, r)) such that R(f i) ≤ λnκ(r) + ε.
Because H0(B(pi, r)) is the closure of C∞0 (B(pi, r)) with respect to || · ||1 we can
find for each i a sequence {hij}∞j=1 ⊂ C∞0 (B(pi, r)) that converges to f i. By the
continuity of R : H(O)→ R we know additionally that R(hij)→ R(f i) as j →∞.
In particular for ε′ > 0 arbitrary we can choose integers k(i) large enough that
|R(hik(i))−R(f i)| < ε′ for each i.
Extend each hik(i) to all of O by setting it equal to zero off of B(pi, r). Now
(hik(i), h
j
k(j)) = 0 for i 6= j as the supports of these functions are disjoint. To arrange
that the collection {hik(i)}∞i=1 is orthonormal replace each hik(i) with h
i
k(i) =
hik(i)
|hi
k(i)
| .
Pick ϕ1, ϕ2, . . . , ϕN(r)−1 ∈ L2(O) which are orthonormal and which are eigen-
functions for λ1, λ2, . . . , λN(r)−1 respectively. There exist α1, α2, . . . , αN(r), not all
zero, such that,
Σ
N(r)
l=1 αl(h
l
k(l), ϕm) = 0,
for m = 1, 2, . . . , N(r)− 1. Setting ψ = ΣN(r)l=1 αlh
l
k(l), Rayleigh’s Theorem yields,
λN(r)|ψ|2 ≤ (∇ψ,∇ψ)
= (Σ
N(r)
l=1 αl∇h
l
k(l),Σ
N(r)
l=1 αl∇h
l
k(l))
= Σ
N(r)
l,s=1αlαs(∇h
l
k(l),∇h
s
k(s))
= Σ
N(r)
l=1 α
2
l (∇h
l
k(l),∇h
l
k(l))
= Σ
N(r)
l=1 α
2
l
(∇hlk(l),∇hlk(l))
|hlk(l)|2
= Σ
N(r)
l=1 α
2
lR(h
l
k(l)).
Now observe that |ψ|2 = ΣN(r)l=1 α2l . The calculation above then implies,
λN(r)Σ
N(r)
l=1 α
2
l ≤ ΣN(r)l=1 α2lR(hlk(l)).
By our choice of k(l) we have,
λN(r)Σ
N(r)
l=1 α
2
l ≤ ΣN(r)l=1 α2l (R(f l) + ε′).
And our choice of f l gives,
λN(r)Σ
N(r)
l=1 α
2
l ≤ ΣN(r)l=1 α2l (λnκ(r) + ε+ ε′).
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Since we know at least one αl is nonzero, we can divide both sides by Σ
N(r)
l=1 α
2
l to
obtain λN(r) ≤ λnκ(r) + ε+ ε′. Letting ε′ go to zero simplifies the right hand side
further and we have,
λN(r) ≤ λnκ(r) + ε.
Because ε was chosen so that no eigenvalues of O appeared in (λnκ(r), λ
n
κ(r) + ε),
we can conclude that λN(r) ≤ λnκ(r).
We now obtain the diameter bound. Let ρ be the largest number so that λρ(O) ≤
λnκ(r). Then λN(r) ≤ λnκ(r) implies that N(r) ≤ ρ. Thus the number of disjoint r-
balls is bounded by the spectral invariant ρ. Now an orbifold of diameter d contains
at least [d/2r] disjoint r-balls, where [·] denotes the greatest integer function. Thus
d must satisfy [d/2r] ≤ ρ. This gives an upper bound on the diameter of O which
depends only on r, κ and Spec(O). 
We are now prepared to prove our first main result.
Main Theorem 1: Let S be a collection of isospectral Riemannian orbifolds that
share a uniform lower bound κ(n − 1), κ real, on Ricci curvature. Then there
are only finitely many possible isotropy types, up to isomorphism, for points in an
orbifold in S.
Proof. It is shown above that isospectral families of orbifolds which share a uniform
lower Ricci curvature bound also share an upper diameter bound. Let D > 0 be the
upper bound for the diameter of orbifolds in S. By Weil’s asymptotic formula, the
isospectrality of the orbifolds in S implies that they all have the same dimension n
and the same volume v > 0.
Let O be an orbifold in S and take p ∈ O. As before let Bnκ (r) denote the r-ball
in the simply connected, n-dimensional space form of constant curvature κ. For
R > r ≥ 0 we have by Proposition 4.1,
VolB(p, r)
Bnκ (r)
≥ VolB(p,R)
Bnκ (R)
.
Letting R = D in this inequality gives,
VolB(p, r)
Bnκ (r)
≥ VolO
Bnκ (D)
=
v
Bnκ (D)
.
Again applying Proposition 4.1 we take the limit as r → 0 to obtain,
1
|Γp| = limr→0
VolB(p, r)
Bnκ (r)
≥ v
Bnκ (D)
.
We conclude for any point in any orbifold in S, the isotropy group of that point has
order less than or equal to the universal constant Bnκ (D)/v. This implies that the
isotropy group of the point can have one of only finitely many possible isomorphism
types. 
Consider the collection of all closed, connected Riemannian n-orbifolds with a
lower bound κ(n− 1), κ real, on Ricci curvature, a lower bound v > 0 on volume,
and an upper bound D > 0 on diameter. A similar argument to the one above
shows that there are only finitely many possible isotropy types for points in an
orbifold in this collection.
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7. Spectral Bounds on Isolated Singular Points
This section begins by extending a technical result from [GP88] to the orbifold
setting. Assume the orbifolds under consideration are compact and orientable. As
in Section 4, we will use Ba(p, r) to denote the cone of radius r at point p in
an orbifold with directions given by a ∈ SpO. Following [GP88] we will use the
symbol O·,D,·κ,·,v(n) to denote the collection of all closed, connected n-dimensional
Riemannian orbifolds with volume bounded below by v > 0, sectional curvature
bounded below by κ ∈ R, and with diameter bounded above by D > 0. The
subcollection of orbifolds in O·,D,·κ,·,v(n) with only isolated singularities will be denoted
by isolO·,D,·κ,·,v(n).
Suppose O is a complete orbifold and K is a compact subset of O. Let dpK
denote the set of unit tangent vectors at p which are the velocity vectors of segments
running from p to K. The set dpK is called the set of directions from p to K.
For subset a of the unit n-sphere, Sn, we write,
a(θ) = {v ∈ Sn : ∠(a, v) < θ}
a
′(θ) = {v ∈ Sn : ∠(a, v) ≥ θ}.
Lemma 7.1. Suppose for some α ∈ [0, pi2 ], a finite subset A of Sn satisfies,
A
(π
2
+ α
)
= Sn.
Let a˜α ⊂ Sn consist of two vectors situated at an angle of π − 2α from each other.
Then, using the standard volume on Sn, we have:
Vol A(θ) ≥ Vol a˜α(θ)
for all θ greater than or equal to zero.
Proof. See the appendix in [GP88]. 
Lemma 7.2. Let O ∈ isolO·,D,·κ,·,v(n) and p, q ∈ O. There exist α ∈ (0, pi2 ) and r > 0
such that if,
dpq(
π
2
+ α) = SpO, and dqp(
π
2
+ α) = SqO,
then d(p, q) ≥ r. The constants α and r depend only on κ, D, v and n.
A remark on the positive curvature case is necessary before proving this lemma.
If κ > 0 then the Bonnet-Myers Theorem implies that for O ∈ O·,D,·κ,·,v(n), the
manifold O − ΣO has diameter less than or equal to π/
√
κ. Thus O itself satisfies
this diameter bound. So in the positive curvature case we can assume D ≤ π/√κ.
In particular orbifolds in O·,D,·κ,·,v(n) satisfy the hypotheses of the Volume Comparison
Theorem for cones in orbifolds (Proposition 4.3), which will be used below.
Proof. (Lemma 7.2) For a parameter α ∈ (0, pi2 ) let a˜ be a subset of Sn−1 consisting
of two vectors, v and w, for which ∠(v, w) = π − 2α. Let p¯ be an element of Mnκ ,
the simply connected complete n-dimensional space form of constant curvature κ.
We specify α by choosing it as an element of (0, pi2 ) such that:
VolBa˜
′(pi2−α)(p¯, D) <
v
6
.
Suppose we have points p and q in O for which,
dpq(
π
2
+ α) = SpO, and dqp(
π
2
+ α) = SqO.
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Figure 4. The Set U
Now, SpO and SqO are compact so we can take finite subsets dp and dq of dpq and
dqp, respectively, so that
dp(
π
2
+ α) = SpO, and dq(
π
2
+ α) = SqO
as well. Lifting these sets gives,
d˜p(
π
2
+ α) = Sp˜U˜p, and d˜q(
π
2
+ α) = Sq˜U˜q.
Because of this we can use Lemma 7.1 to conclude that,
Vol(d˜′p(
π
2
− α)) ≤ Vol(a˜′(π
2
− α)), and Vol(d˜′q(
π
2
− α)) ≤ Vol(a˜′(π
2
− α)).
Let U be the subset of O given by,
U = Bint(d
′
p(
pi
2−α))(p,D) ∪Bint(d′q(pi2−α))(q,D),
where int(d′p(
pi
2 − α)) denotes the interior of d′p(pi2 −α), and int(d′q(pi2 − α)) denotes
the interior of d′q(
pi
2 − α). A sketch of the set U is given in Figure 4. The lines
emanating from p and q indicate the segments between these points. The shaded
regions are the cones that form U .
Let I : Sp˜U˜p → SpMnκ and J : Sq˜U˜q → SpMnκ be linear isometries. Then using
Proposition 4.3 we have that Vol(U) < v/3, as:
VolU ≤ VolBint(d′p(pi2−α))(p,D) + VolBint(d′q(pi2−α))(q,D)
≤ VolBI(int(d˜′p(pi2−α)))(p,D) + VolBJ(int(d˜′q(pi2−α)))(q,D)
= Vol expp¯[0, D]I(int(d˜
′
p(
π
2
− α))) + Vol expq¯[0, D]J(int(d˜′q(
π
2
− α)))
≤ Vol expp¯[0, D]I(d˜′p(
π
2
− α)) + Vol expq¯[0, D]J(d˜′q(
π
2
− α))
≤ 2Vol expp¯[0, D]a˜′(
π
2
− α)
<
v
3
.
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Figure 5. Hinge in O
Figure 6. Hinge in O; Comparison Hinge in Mnκ
We are ready to specify the constant r required by the statement of the Lemma.
First choose l > 0 so that VolBnκ (l) < v/3 in M
n
k . Note that the Orbifold Relative
Volume Comparison Theorem (Proposition 4.1) implies,
Vol(B(p, l)) <
v
3
, and Vol(B(q, l)) <
v
3
.
Let (c1; c2; c3) denote a geodesic triangle in M
n
κ with sides c1, c2 and c3. In triangle
(c1; c2; c3) the angle opposite side ci will be denoted by θi. For the α ∈ (0, pi2 ) and
l > 0 determined above, there exists an r > 0 such that for all geodesic triangles
(c1; c2; c3) in M
n
κ with θ1 ≤ pi2 − α, L(c3) ≥ l and L(c2) < r < l, we also have
L(c1) < L(c3).
We finish the proof by nested contradiction arguments. That is, we will show
that if p and q satisfy the hypotheses of the Lemma, and d(p, q) < r, then the sets
U , B(p, l) and B(q, l) cover O. However if these sets cover O we have,
v ≤ Vol(O) ≤ Vol(U) + Vol(B(p, l)) + Vol(B(q, l)) < v.
Since this is a contradiction, once we show that U , B(p, l), and B(q, l) cover O we
can conclude that d(p, q) ≥ r.
To show that U , B(p, l), and B(q, l) cover O we argue again by contradiction.
Suppose they fail to cover and we can find a point x in O−(U∪B(p, l)∪B(q, l)). Set
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up a hinge with angle at p terminating at x and q so that the leg of the hinge from
p to q is a segment, and so that the hinge angle is less than pi2 − α. Figure 5 gives
a sketch of this hinge in O. Using Toponogov’s Theorem for hinges in orbifolds,
form a comparison hinge in Mnκ with angle at p¯ terminating at x¯ and q¯. Figure 6
illustrates both the original hinge in O and the comparison hinge in Mnκ .
By Toponogov’s Theorem we know d(x, q) ≤ d(x¯, q¯). In addition our setup
implies that d(p¯, q¯) < r, d(p, x¯) ≥ l, and the angle formed by the comparison hinge
is less than pi2 − α. So by our choice of r we have d(x¯, q¯) < d(x¯, p¯). Putting these
observations together yields,
d(x, q) ≤ d(x¯, q¯) < d(x¯, p¯) = d(x, p),
thus d(x, q) < d(x, p). A similar argument based at q yields the contradictory
statement d(x, p) < d(x, q), completing the proof. 
We now use Lemma 7.2 to bound the number of singular points that can appear
in an orbifold in isolO·,D,·κ,·,v(n). This in turn will lead to our second main theorem.
Fix ε > 0. A minimal ε-net in a compact, connected metric space X is an
ordered set of points p1, p2, . . . , pN with the following two properties. First, the
open balls B(pi, ε), i = 1, 2, . . . , N , cover X . Second, the open balls B(pi, ε/2),
i = 1, 2, . . . , N are disjoint. The fact that for any ε > 0 we can find a minimal ε-net
in X is well known.
Proposition 7.3. There is a positive integer C(D, v, κ, n) for which no orbifold O
in the family isolO·,D,·κ,·,v(n) has more than C singular points.
Proof. Suppose O ∈ isolO·,D,·κ,·,v(n), and let α and r be as in Lemma 7.2. Take p ∈ ΣO
and let (U, U˜/Γp, π) be a fundamental coordinate chart about p. Also, let p˜ denote
the point in U˜ which projects to p under π. The set of lifts of a vector v ∈ SpO
is the orbit Γp∗v˜ of any vector v˜ ∈ Sp˜U˜ for which π∗p˜ v˜ = v. We will first show
that Γp∗v˜ does not lie in any open hemisphere of Sp˜U˜ . With this established we
can then appeal to Lemma 7.2 to conclude that the distance between two singular
points in O will always be greater than r. This in turn will be used to obtain the
universal upper bound on the number of singular points in O.
Because p is an isolated singularity, elements of Γp∗ act on Sp˜U˜ without fixed
points. Thus the possible quotients Sp˜U˜/Γp∗ are actually all spherical space forms.
Spherical space forms obtained as quotients of the sphere by finite groups of or-
thogonal transformations are well understood. See [Wol74] for example. In even
dimensions the only non-trivial quotient is projective space, obtained as the quo-
tient of S2m by the antipodal map. Since the orbits under the antipodal map
consist of pairs of antipodal points, its clear that no orbit is contained in an open
hemisphere.
Odd-dimensional spherical space forms, however, can arise in many ways. In this
situation it will suffice to consider only those that are quotients of an odd dimen-
sional sphere by the action of a cyclic group. This is because if we take an element
γ∗p˜ ∈ Γp∗ of order l, to show Γp∗v˜ is not contained in an open hemisphere it suffices
to show that {v˜, γ∗p˜ v˜, γ2∗p˜ v˜, . . . , γl−1∗p˜ v˜} is not contained in any open hemisphere.
Suppose Γ ≤ O(2m) is cyclic and generated by γ ∈ Γ of order l. Viewing R2m
as Cm, element γ can be expressed as:
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e2pii/l 0 0 . . . 0
0 e2piia1/l 0 . . . 0
0 0 e2piia2/l . . . 0
...
...
...
. . .
...
0 0 0 . . . e2piiam−1/l

for a1, a2, . . . , am−1 ∈ R each relatively prime to l. Thus the orbit of a vector
z = (z1, z2, . . . , zm) ∈ S2m−1 has the following form:
{(e2pii/lz1, e2piia1/lz2, . . . , e2piiam−1/lzm),(e2·2pii/lz1, e2·2piia1/lz2, . . . , e2·2piiam−1/lzm), . . . ,
(e2(l−1)pii/lz1, e2(l−1)piia1/lz2, . . . , e2(l−1)piiam−1/lzm)}.
If we sum together all of the orbits of z under γ we get the following vector in R2m:
(3) (Σl−1k=0e
2piki/lz1,Σ
l−1
k=0e
2piia1k/lz2, . . . ,Σ
l−1
k=0e
2piiam−1k/lzm).
By showing that this vector is actually the zero vector we will be able to conclude
that {z, γz, γ2z, . . . , γl−1z} does not lie in any open hemisphere.
To see that the vector in line 3 is the zero vector consider the sth entry,
Σl−1k=0e
2piias−1k/lzs.
Since as−1 and l are relatively prime, the set {e2piias−1k/l}l−1k=0 consists of lth roots
of unity. Because the sum of the lth roots of unity is zero, we can conclude that
this entry vanishes.
Now consider points p and q in the singular set of O. Because O is complete we
know that p and q are joined by at least one segment. Thus the set of directions
from p to q contains at least one vector, namely the initial vector v of the segment
from p to q. Moreover dpq(
pi
2 + α) = SpO. For if this were not the case we could
find w ∈ SpO with ∠(v, w) ≥ pi2 + α. However, this implies that if we let w˜ be a
fixed lift of w in the covering sphere Sp˜U˜ , then the orbit of a lift of v is going to
remain within the open hemisphere about −w˜. This contradicts our conclusions
above. A similar argument shows that dqp(
pi
2 + α) = SqO. Thus by Lemma 7.2 we
know that d(p, q) ≥ r.
The proof concludes with a volume comparison argument. Let {x1, x2, . . . , xN}
be a minimal (r/2)-net in O. Recall that for p ∈ O and S ≥ s ≥ 0, Proposition 4.1
gives,
(4)
VolBnκ (s)
VolBnκ (S)
≤ VolB(p, s)
VolB(p, S)
.
Without loss of generality suppose that B(x1, r/4) is the minimal volume (r/4)-
ball in our net. Then using the fact that the (r/4)-balls are disjoint we have,
N VolB(x1, r/4) ≤ ΣNi=1VolB(xi, r/4) ≤ VolO.
Thus VolB(x1, r/4) ≤ VolO/N .
Now apply line 4 to balls about x1 with s = r/4 and S = D. This yields,
(5)
VolBnκ (r/4)
VolBnκ (D)
≤ VolB(x1, r/4)
VolB(x1, D)
.
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Using VolB(x1, D) = VolO and VolB(x1, r/4) ≤ VolO/N we find that line 5
becomes,
VolBnκ (r/4)
VolBnκ (D)
≤ 1
N
.
Thus we see that the number of elements in our minimal (r/2)-net is bounded above
by the universal constant VolBnκ (D)/VolB
n
κ (r/4).
The singular points are all at least r-apart from each other, so there can be at
most one singular point per (r/2)-ball in our net. Thus the bound on the number
of elements in our net is also a bound on the number of singular points in O. 
Our second main result is a corollary to this proposition.
Main Theorem 2: Let isolS be a collection of isospectral Riemannian orbifolds
with only isolated singularities that share a uniform lower bound κ ∈ R on sectional
curvature. Then there is an upper bound on the number of singular points in any
orbifold, O, in isolS depending only on Spec(O) and κ.
Proof. The argument begins in the same manner as that in the proof of Main
theorem 1. Because these orbifolds are isospectral, and satisfy a lower bound
on sectional curvature, we can conclude that they also share an upper diameter
bound. By Weil’s asymptotic formula, we know that all orbifolds in isolS have the
same volume and dimension. Therefore the family isolS satisfies the hypotheses of
Proposition 7.3 and the theorem follows. 
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